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Abstract. Let f{x\,X2, ■ • ■ ,x m ) 

— U\X\ + U2X2 + ■ ■ ■ + UmXm be a linear 
form with positive integer coefficients, and let ATj(fe) = min{|/(A)| : A C 
Z and |A| = k}. A minimizing fc-set for / is a set A such that \A\ = k 
and |/(A) = Nf(k). A finite sequence (ui, U2, ■ . ■ , u m ) of positive integers 
is called complete if |^Zj6 jUj : J C. {1, 2, . . . , m}| = {0, 1,2, ... , U}, where 
U = u j ■ I* i s proved that if / is an m-ary linear form whose coefficient 

sequence . . . ,u m ) is complete, then Nf(k) = Uk — U + 1 and the minimiz- 
ing fc-sets are precisely the arithmetic progressions of length k. Other extremal 
results on linear forms over finite sets of integers are obtained. 



1. Extremal functions for linear forms 

Let m > 1 and let / : Z m -^Rbea real- valued function of m integer variables. 
For every finite set A of integers, consider the set 

f{A) = {f( a i, a >2, a m ) : 0,1,0,2, . . . , a m e A}. 

Let \A\ denote the cardinality of the set A. We define the functions 

N f (k) = min{|/(A)| : A C Z and \A\ = k} 

and 

M f (k) = max{|/(A)| : A C Z and \A\ = k}. 

A set A with \A\ = k is called a fc-set. If A is a fc-set and = Nf(k), then A is 

called a minimizing k-set for f. If A is a fc-set and |/(A)| = Mf(k), then A is called 
a maximizing k-set for f . An important inverse problem in number theory is to 
compute the extremal functions Nf(k) and Mt(k), and to classify the minimizing 
and maximizing fc-sets for /. 

In this paper we study linear forms. A classical example in additive number 
theory is the linear form f(x±,X2, ■ ■ ■ , x m ) = x±+X2 + - ■ ■+x rn . In this case, Nf(k) = 
mk — m + 1 and the minimizing fc-sets are the arithmetic progressions of length 
k (Nathanson 3, Theorem 1.6]). Also, M f (k) = = k rn /ml + O (fc™- 1 ) 

and the maximizing fc-sets are sets A of positive integers (called Sidon sets or Be- 
sets) such that every integer has at most one representation as the sum of h not 
necessarily distinct elements of A. 
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Let CJ-(m) denote the set of all m-ary linear forms 

f(xi, . . .,x m ) = uxxi + u 2 x 2 H h u m x m 

with positive integer coefficients. The function / is called the linear form associated 
to the sequence {u\, . . . , u m ). Without loss of generality we can assume that 

1 < U\ < U2 < • • • < u m 

and 

gcd(ui,u 2 , . . . , u m ) = 1. 

Let LT*[m) denote the set of all m-ary linear forms with pairwise distinct coeffi- 
cients, that is, with 

1 < Ui < U2 < ■ ■ ■ < U m . 

We define the extremal functions 

Kn(k) = mia{N f (k) : f G £T{m)} 

and 

A^(fc) = min{N f (k) : / g CT*(m)}. 

Since the only linear form with m = 1 is f(x\) — u^xi, it follows that N\(k) = k 
for all k > 1. For binary forms we have A/2 (2) = 3 and A/J (2) = 4. 

Fix the integer m > 1. For k > 2 and / 6 CJ-(m), let A be a fc-set such that 
JV>f» = |/(A)| and let a' = max(A) and A' = A \ {a'}. Since /(A) D f(A') and 
/(a', . . . , a') > max(/(A')), it follows that 

JV>(*) = > \f(A>)\ >N f (k-l) 

and so N m {k) > N m {k - 1) and A/^(fc) > A^(fc - f) for all fc > 2. Choosing a 
(k— l)-set A' such that Mf(k— 1) = \f(A')\ and an integer a' > max(A'), we define 
the fc-set A = A' U {a'}. Since f(A) D f(A') and /(a', . . . ,a') > max(f(A% we 
have 

M f (k-l) = \f(A')\<\f(A)\<M f (k). 

Similarly, for fixed k > 2, the extremal functions N m {k) and 7V^(fc) are strictly 
increasing in m. 

Denote the interval of integers {n £ Z : x < n < y} by [a;, y] . Given a finite 
sequence of integers U = (u\, U2, • ■ ■ , u m ), we define the set of subset sums 

S(U)= : : JC [l,m]|. 

Let [/ = Ej1i% - Th en 

{0, 17} C C [0, 17] 
and n G <5(W) if and only if U — n G S(U). The sequence U is called complete 
if 5(W) = [0, [/]. For example, the sequence (1, 2, 3, . . . , to) is complete for all 
to > f . The sequence (1, f , 3) is complete, but the sequence (1, 3) is not complete. 
(This is the finite analogue of an infinite complete sequence, which is a sequence 
U of positive integers such that S(U) contains all sufficiently large integers (cf. 
Szemeredi-Vu [5]).) 

The sequence U has distinct subset sums if \S(U)\ — 2 m , that is, if the conditions 
7, J C {1 , 2, . . . , to} and J2iei Ui = ^jeJ u i i m ply that I = J. For example, the 
sequence (f , g, g 2 , . . . , g k ~ 1 ) has distinct subset sums for every g > 2. 
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If U = (u\, . . . , u m ) is an increasing sequence of positive integers and f(x\, . . . , x m ) 
2j=l u 3%ji tnen 

m 
3=1 

and 

f ({0,1}) = S(U). 

In particular, U is complete if and only if / ({0, 1}) = [0, U], and U has discrete 
subset sums if and only if \f ({0, 1})| = 2 m = M/(2). 

For a finite set A of integers and for integers c ^ and <i, we define the afhnc 
transformation 

c* A + d = {ca + d: a £ A}. 
If f(xi, . . . , x m ) = u\X\ + ■ • • + u m x rn £ CJ-(m) with U = ui + ■ ■ ■ + u m , then 

f(c*A + d) = c*f{A)+dU 

and 

\f(c*A + d)\ = \f(A)\ 

for integers c ^ and d. Thus, the function |/(^4)| is an affine invariant of A (cf. 
Nathanson [4]). 

The study of inverse problems for m-ary forms is related to the paper [5] , which 
initiated the comparative study of binary linear forms. 

2. A LOWER BOUND FOR m-ARY LINEAR FORMS 

The following result is elementary but fundamental. 

Lemma 1. Let f : Z m — > R be a real-valued function of m integer variables. Let 
g : Z — > R be a strictly increasing function such that 

(1) f([a,b]) C [g(a), g(b)] for all integers a <b. 
Let £ and X be positive integers with I > 2 such that 

(2) N f (£) > A. 

Let A = {a^lto 1 be a set of k integers with aj_i < <Zj for i — 1, . . . , k — 1. Lei 
fc - 1 = g(£ - 1) + r, where < r < t - 2. De/ine 

/Lt(A) = |/ ({ofc- r -i,afc- n a*-r+i) ■ ■ ■ i a fc-i})l ■ 

T/ien 

(3) i/(A)i>(A-i)f fc ; r ;M +^) 



£-1 



a;/ 



(41 .V/'(/.M [ j^y) 2 



/or every positive integer k. 
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Proof. Dividing k by I — 1, we have k — 1 = — 1) +r, where < r < ^ — 2. Then 
k < (q + 1){£ — 1). Let ^4 = {ao, oi, . . . , a^-i} be a set of fc integers, where 

a < oi < ■ • • < ak-x- 

For j = 0, 1, . . . , q — 1, we define the sets 

A s ={a i :ie\j(£-l),(j + l)(£-l)]}. 

Let A q be the set 

A q = {aj : i e [q(£ - l),q(£ - 1) + r]} = {a k - r -i,ak-r, Ofc-r+ij ■ ■ ■ , flfc-i} 



Vini 3 ={j?-i)} 



Then 

for j = 1, . . . , q, and 
Since 

max(Aj-i) = aj(^_i) = min(Aj) 

for j = 1, . . . , q, and since the function g is strictly increasing, condition (|TJ) implies 
that f(A f ) n f(Aj) = if j - f > 1, and 

/ (A^) n / (Aj) = {g(j(£ - 1))} = {f(j(£ - 1), . . . , j(* - 1))} 

for j = 1, . . . , g. Note that n(A) = \ f(A q )\ = 1 if r = 0. 

By condition ©, we have > A for j = 0, 1, . . . , q — 1, and so 



1/04)1 



> Aq - q + fj,(A) 

, ,'fc — r — 1 
(A - 1) 

A- 1 
£-1 



> 



t-l 
k- A + 2 



The observation that the last inequality is independent of the set A completes the 
proof. □ 

Lemma 2. Let f £ CT(m). If £ and A are positive integers with I > 2 such that 
N f (£) > A, then 

'A-r 



1 



A:- A + 2 



/or every positive integer k. 



Proof. Let f(x%, 



i) = s ^ n j'=i u j x j- For [/ = we define the strictly 



increasing function <?(x) = Ux. If a < Xj < 6 for j = 1, . . . , m, then 
g(a) = Ua < f(xi, . . .,x m ) <Ub = g(b) 
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and so 

f([a,b])C[g(a),g(b)} 
for all integers a < b. The result follows from Lemma [TJ 

Theorem 1. For all positive integers m and k, 



□ 



m + m 



m 2 + m — 2 



Proof. Let / G CF*(m). Then f(x\, x%, . . . , x m ) = u\X\ + U2X2 + • • • + u m x m with 
1 < u\ < 112 < ■ ■ ■ < u m . For integers a < b and i — 0,1, ... ,m, we define the 
integer 



Si = f ( tv^a 

Km— i terms i terms , 

= (uH 1- u m -i) a + (u m -i+i H 1- u m ) b 

e f(A). 

Then 

s < sx< ■■■ < s m . 
For i = 0, 1, . . . , m — 2 and j = 0, 1, . . . , m — z, the integer 

= / a, . . a ,b, a, ...,a , b,...,b 

\j — 1 terms m~i—j terms ? terms / 
= {u\-\ h Uj-l) a + Ujb + (Uj+l H h U m -i) a + («m-i+l H 1" u rn) b 

satisfies 

— ^z,0 ^ ^i.l <C ' ' ' *\ H,rn—i—l ti.m—i ^i+lj 

It follows that 

m-2 2 



N/(2) > (m + 1) + V" (m - i - 1) = 



m + m + 2 



i=0 



Applying Lemma [2] with £ = 2 and A = (m 2 + m + 2)/2, we obtain 

lf ,, nx fm 2 +m\ fm 2 + m-2 
JC(*)>(— 2— J*-( 2 

To prove that this lower bound is best possible, we consider the linear form 

f(x\, . . . , x m ) = xi + 2x 2 H + ixi H h m% G £J"*(m) 

and the finite set 

A= {0,l,...,fc-l}. 

Then 

m(m + l)(fc - 1) 



and so 



1/04)1 



f(A) 



m + m 



0. 



m 2 + m — 2 



:AC(fc). 



This completes the proof. 



□ 
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3. A LOWER BOUND FOR BINARY AND TERNARY LINEAR FORMS 

Theorem 2. Let f{x\,X2) = u\x\ + U2X2 G CJ-(2), where 1 < u\ < 112 and 
gcd(wi, it 2 ) = 1. 

(i) Iff(x 1 ,x 2 ) = xi +x 2 , then N f (k) = 2k - 1. 

(ii) If f lx 1 ,x 2 ) =X! + 2x 2 , then N f (k) = 3fc - 2. 

(iii) If f{x\, X2) 7^ X\ + X2 or x\ + 2x2, then 

, '7k -o 

N f (k) > 

Proof. Let \A\ = k. If f{x 1 ,x 2 ) = xi+x 2 , then \ f(A)\ > 2k - 1 and f([0,k- 1]) = 
[0, 2k - 2], hence |/([0, k ~ 1])| = 2k - 1. 

If f(xi,x 2 ) = xi + 2x 2 , then \f(A)\ > 3k - 2 by Theorem!]] Moreover, f([0,k- 
1]) = [0, 3fc - 3] and so |/([0, k - 1] = 3fc - 2. 

If f{x\, X2) = U\Xx + U2X2 G CT{2) and f(x\, x%) ^ x% + x 2 or xi + 2x 2 , then 
w 2 > 3. We shall prove that Nt(3) = 8 or 9. We use the fact that the quadratic 
form + M1U2 — u| 7^ for all nonzero integers u\ and it 2 . 

Let A = {a, b, c}, where a < 6 < c. Then |/(A)| < 9. We have the following 
strictly increasing sequence of seven elements of f{A): 

u\a + U20, < u\b + u 2 a < U\a + U20 < u\b + U2b 
< u\c + u 2 6 < u\b + u 2 c < uic + u 2 c 

and so > 7. There is another strictly increasing sequence of four elements of 

f(A): 

u\b + U2CL < u\c + w 2 a < u\a + U2C < u\b + u 2 c. 
If \f(A)\ = 7, then 

(5) {wic + w 2 a, Mia + w 2 c} C {i^a 4- 112b, u\b + 112b, u\c + u 2 b}. 

This is possible in only three ways. In the first case, we have 

U\C + U2a = u\a + W26 

U\a + U2C = u\b + W26. 

Eliminating a from these equations, we obtain (uf + iiiit2 — w|)(c — 6) = 0, which 
is false. 

In the second case, 

itia + U2C = u\b + u 2 a 
itic + U2a = u\b + U2C. 

Eliminating b from these equations, we obtain (112 — 2u\){c— a) = and so 2u\ = u 2 - 
Since gcd(iti, — 1, it follows that u± = 1 and U2 = 2, which is also false. 
In the third case, 

u\c + 112a = u\b + 112b 
uia + U2C = u\c + 112b. 

Eliminating a from these equations, we again obtain (u\ + U1U2 — u|)(c — b) = 0, 
which is false. It follows that (O is impossible, and so > 8. Applying 

Lemma [5] with i = 3 and A = 8, we obtain 

7k 

N f {k)>--&. 
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We can improve the constant term by using the more precise inequality (J3j in 
Lemma [T] If r = 0, then [i(A) — 1 and 

fk-l\ 7k-5 
\f{A)\> 7 [—)+! = —. 

If r = 1, then = ^(2) = 4 and 



This completes the proof. □ 

Lemma 3. Let f(x%, X2, x%) = uix± + U2X2 + "3^3 £ j£F(3) twi/i 1 < iti < 1*2 < W3 
and gcd(ui,t42,u 3 ) = 1. If f € £T*{3), then N f (2) = 7 or 8, and 2V)(2) = 8 ?/ and 
only i/ui +U2 ^ U3. AZso, A/J (2) = 7. 
Lei / g £7^(3) (3). 

(i) 7/m = u 2 = u 3 = 1, then JV>(2) = 4. 

(ii) //iti = U2 = 2u\, then Nf(2) = 5. 
(hi) If ui — u 2 and u 3 ^ 2iti, i/ien Nf(2) = 6. 
(iv) I/ui < U2 — 113, then Nf(2) = 6. 

Proof. Let f(xi, x%, £3) = iiixi + U2£2 + where 1 < u± < 112 < U3 Then 

u±a + 1*20 + u^a < u\b + 712a + u^a < u±a + U20 + 113a 

< Uia + it 2 a + U36 < U\b + u 2 a + u 3 b 

< u%a + U20 + u^b < u\b + u 2 b + u^b. 

These inequalities account for seven of the at most eight elements of the set f(A). 
The remaining element is /(a, b, b) — u\b + U2b + 113a. Since 

U\a + u 2 b + U3a < Uib + u 2 b + u 3 a < U\b + u 2 a + U36 

it follows that Nf(2) — 7 if and only if ma + U2a + u^b = u\b + 112b + «3a. 
This is equivalent to (ui + U2 — us)(b — a) = or u\ + U2 = U3. It follows that 
A/3* (2) = Nf(2) = 7 if and only if tti + u 2 = u 3 . 

Identities (i)-(iv) are straightforward calculations. □ 

Theorem 3. Let f(x\, X2, X3) — UiXi + U2X2 + U3X3 £ £.F*(3) with 1 < u\ < U2 < 
U3 and gcd(ui, M2, 113) = 1. Then Nk(f) > 6fc — 5. If f £ £.7-"* (3) and U1+U2 ^ U3, 
i/ien Nf(k) > 7k - 6. 

Proof. Applying Theorem [T] with m = 3 gives Nk(f) > 6k — 5. By Lemma [3j if 
/ G £J r *(3) and Mi + 1*2 7^ U3, then Nf(2) — 8. Applying Lemma [2] with 1 = 2 and 
A = 8 gives N f (k) > 7k - 6. □ 

Note that an increasing sequence (ui, u 2 , U3) has distinct subset sums if and only 
if it is strictly increasing and U\ + u 2 7^ u 3 . 

4. AN INVERSE PROBLEM FOR LINEAR FORMS 

Let / be a linear form in m variables with positive integral coefficients. The 
inverse problem for / is to determine the fc-minimizing sets for /, that is, to describe 
the structure of a fc-set A such that = Nf(k). For example, if f(x\, . . . , x m ) = 

x\ + -- ■+x m , then Nf(k) — mk — m + 1, and Nf(A) — mk — m+1 if and only if A is 
an arithmetic progression of length k (Nathanson [3l Theorem 1.6]). If f(xi,X2) = 
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x\ + 2x2, then Cilleruelo, Silva, and Vinuesa pQ proved that Nf(k) = 3k — 2, and 
Nf(A) — 3k — 2 if and only if A is an arithmetic progression. This result generalizes 
to all m-ary forms whose coefficient sequence is complete. 

Theorem 4. Let U = (u\, . . . ,u m ) be a complete increasing sequence of positive 
integers with U — X^'=i u j- Consider the linear form f(x%, . . . , x m ) — uixi + • • ■ + 
B ra i m . Then Nf{k) = Uk — U + 1, and the set A is a minimizing k- set for f if and 
only if A is an arithmetic progression of length k. 

Proof. Since U is complete, it follows that for any integers a and b with a < b we 
have 




l,m]\/ / Kiel / J 



f({a, b}) 



= {(U -I) a + £b:£ = 0,1,..., U} 
= {Ua + £(b - a) : £ = 0,1, ... ,U} . 

Since f{{i ~ 1, i}) = [U(i - 1), Ui], it follows that 

[0, U(k - 1)] = |J [U(i -l),Ui]=\J /({< - 1, %}) 

i=l i=l 

C/([0,fe-l]) C [0,U(k-l)}. 

Then f([0,k- 1]) = [0, U(k - 1)] and A^/(fc) < |/([0,fc- 1])| = f/fc- J7 + 1. 

Applying Lemma [2] with £ = 2 and A = [7 + 1, we obtain the lower bound 
\f(A)\ >Uk-U + l, and so N f (k) = Uk-U + l. Since |/([0, k- 1])| = [/fc-fJ + l 
and |/(^4)| is an afhne invariant of A, it follows that = Uk — k + 1 for every 

arithmetic progression A of length k. 

Conversely, let A — {do, ffli, • • • , tifc-i} be a minimizing fc-set for / with oq < 
«!<•••< ak-i- Since (ui, . . . , w m ) is a complete sequence, 

/({ai-i, Oi}) = {(17 - ^) Oj_i +£ ai :£ = 0,l,...,U}. 

For i = 1, . . . , k — 2 we have the inequalities 



(U - l)a>_i + a, : <(U- 2)oi_i + 2«i < • • • < ai_i + (f7 - l)oj < f7aj 
<(U- l)oj + a i+ i < • • • < 2a, : + (J7 - 2)a l+i 



< 



a; + (C/ - l)a i+ i 



Since |/(A)| = Uk - U + 1, it follows that 



fc-i 



k-l 



(6) f(A) = |J /({ 0i _i, Oi}) = |J {(C/ - fc) ai _! + fcoi : k = 0, 1, . . . , 17} . 



We also have 



(U - l)aj_i + Oj <{U — l)oj_i + a l+ i <{U — 2)aj-i + 2a i+ i < ■ ■ 
< 2oj_i + (J7 - 2)oi+i < a,_i + (f7 - l)a i+ i 



< Oi + (J7 - l)a i+ i 
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Equation (J6j) implies that 

{(17 - fc)o,-_i + ka l+1 : k = 1, . . . , U - 1} 

(7) <Z{(U -k)a t - 1 +ka i :k = 2,... 1 U} 

U {(J7 - k)ai + ka i+ i : k = 1, . . . , U - 2}. 

We want to prove that A is an arithmetic progression. If not, then a^i +a,-+i 7^ 
2ai for some i 6 [1, fc — 2]. It follows that for all k 6 [1, 17/2] we have 

(8) (U - k)ai-i + ka w ^ (U - 2fc)a,_i + 2fca; 
and 

(9) fcaj-i + {U - k)a i+1 ^ 2fca; + (U - 2k)a i+1 . 

Let 17' = U/2 if [/ is even and U' = (U - l)/2 if £7 is odd. Set inclusion © 
implies that 

(17 - l)oi_i + a i+ i > ([/ - 2)ai_i + 2 fll . 

Suppose that 

(£7 — fe)ai_i + fcai+i > (t/ — 2fc)ai_i + 2fcai 
for some fee [1, £7' — 1], We deduce from inequality ([8j that 

(t/ — fe)aj_i + fea^+i > (Z7 — 2fc)ai_i + 2fcai 
and so, again by (O, 

(77 - fc)ai_i + ka i+1 > (U - 2k - l)aj_i + (2fc + l)ai. 
It follows again from (JT]) that 

(£7 - (fc + l))oi_i + (fc + l)a J+ i > (U - 2(k + l))oi_i + 2(fc + l)a,. 
Continuing inductively, we obtain 

(10) (17 - C/>i-i + tf'oj+i > (t 7 - 2^')oi-i + 2C/ '«* 
and so 

(U - U')ai- X + U'ai+i >{U- 2U')oi-i + 2U' ai . 
If U = 2U' is even, this inequality can be rewritten as 

U'a,i-i + U'a i+ i > Ua%. 
If U = 2U' + 1 is odd, inequality (fTU|) becomes 

(77' + l)oi_i + LT'a l+ i > ai_ a + (17 - l)a;. 
Inequality ijHJ and set inclusion ([7|) imply that 

(17' + l)fln_i + U'cn+1 > Ua t . 

Therefore, 

C/'fli_i + (U' + l)a l+1 >(U- l)oi + a i+1 . 
In both cases we have 

(11) kai-i + (U - k)a l+1 > 2ka % + (U - 2k)a l+1 
for k = U'. 

Suppose that (fTTj) holds for some fc € [2, U']. Inequality ([9]) and set inclusion (O 
imply that 

kai-i + (U - k)a i+1 > (2k - I) a* + (U - [2k - l))a,+i. 
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Therefore, 

(k - l)oi_i + (U - (k - l))a i+ i > 2(fc - l)oi + (U - 2{k - l))a i+1 . 

Continuing downward inductively, we obtain 

di-x +{U- l)a i+1 > 2a, + (U - 2)a i+1 . 

Since <2j_i + (U — l)ai+i < + (U — ljoi+i, it follows that dj_i + (U — l)cii+i = 
2ai + (J7 — 2)ai+i, which implies that + a; + i = 2a^. This is a contradiction. 
Therefore, the minimizing k-set A is an arithmetic progression. This completes the 
proof. □ 



5. An upper bound for linear forms 
We record here some simple estimates for the maximal function Mf(k). 
Theorem 5. For all m-ary linear forms f G CT(m) and all positive integers £:, 

(12) k m > Mf(k) > 

If f G CJ-*{m), then 

(13) Mf(k) > k(k — 1) •••(& — m + 1). 

If U = {ui,U2, ■ ■ ■ ,u m } is an increasing sequence of positive integers with distinct 
subset sums, and f(x%, . . . , x m ) = u%xi + U2X2 + • • • + u m x m G LT(m), then 

(14) M f {k) = k m . 

Proof. Let f(xx, . . . , x m ) = uixx + u 2 x 2 H h u m x m G CJ-(m). The upper bound 

for Mf(k) comes from counting the number of m-tuples of a fc-element set. To 
obtain the lower bound in (|T2|) . choose g > mu m and let A — {l,g,g 2 , . . . ,g k ~ 1 }. 
If (ri, . . . , r m ) and (si, . . . , s m ) are m-tuples of elements of [0, k — 1] such that 
{ri, . . . ,r m }\ = \{si, . . .,s m }\ = m and the fc-sets {r i; . . . ,r m } ^ {si, . . . ,s m } are 
distinct, then the uniqueness of the g-adic representations of the positive integers 
implies that f{g r \. . .,g r ™) ^ /(5 s1 ,. . . ,g Sm ). This proves (fT2"]). 

If / G CT* (m), then the coefficients u%, . . . , u m are pairwise distinct. If (r±, . . . , r m ) 
and (si, . . . , s m ) are m-tuples of elements of [0, k — 1] such that |{ri, . . . , r m }\ — 
|{si, . . . , s m }\ = m and the m-tuples (ri, . . . ,r m ) and (si,...,s m ) are distinct, 
then the uniqueness of the g-adic representations of the positive integers implies 
that /((fi, . . . , «f -") ^ /( 3 S S . . .,5 s -). This proves (H3J) . 

Finally, suppose that the sequence (iti, 112, ■ ■ ■ , u m ) has distinct subset sums. 
Let (7*1, ... , r m ) and (si, . . . , s m ) be m-tuples of elements of [0, k — 1] such that 
/GT , . . . , <f «) = /(5 s1 , • . • , 3 s " 1 )- For d G [0, k - 1], let / d = {i£ [1, m] : r 4 = d} 
and Jd = {j G [l,m] : sj = d}. Then 

/( 9 r '„.„/™)^ fo, / 

d=0 \i£l d / 

and 

JV <r ) 




fc-i 



d=0 \jE.J d 
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Since 

max u n Ui \ - mUm < 9 

\i£l d j£.I d J 

it follows that if f{g ri , . ■ . ,g rm ) — f{g Sl , ■ ■ ■ ,g Sm ), then 1^ = for all d and so 
7*j = Si for i = 1, . . . , to. Therefore, = k m . □ 

6. Open problems 

(1) The minimizing fc-sets for linear forms associated to complete sequences 
are precisely the arithmetic progressions of length fc. Classify all linear 
forms f(xi, . . . ,x m ) with the property that the only minimzing fc-sets are 
arithmetic progressions. In particular, if f(x\, . . . , x rn ) = u%xi + - ■ ■+u m x m 
is a linear form whose minimizing fc-sets are arithmetic progressions, then 
is the sequence (ui, ■ . . , u m ) complete? 

(2) Let f{x\, . . . , x m ) — u\X\ + ■ ■ ■ + u m x m be a linear form with U = Ylj=i u j- 
Is the sequence (tti, . . . , u m ) complete if Nf(k) = Uk — U + 11 

(3) There is no reason to consider only linear forms. Let f{x\, . . . ,x m ) be a 
polynomial with integer coefficients. The set A is a minimizing k-set for 
f if |/(^4)| = Nf(k). Compute Nf(k) and determine the minimizing fc-sets 
for /. 

(4) Let s(xi,X2) = x\ + X2- The Freiman philosophy of inverse problems in 
additive number theory is to deduce structural information about a finite 
set A of integers if the sumset s(A) = A + A is small (cf. Freiman [2]). 
Analogously, a natural inverse problem for linear forms and, more generally, 
arbitrary integer-valued polynomials in to variables, is to deduce informa- 
tion about the finite sets A of integers such that — Nf(A) is small. 

(5) For / G £J r (m), define the set 

= {\f( A )\ -ACZ and \A\ = k}. 

By definition, min (£/(&)) = Nf(k) and max (£f(k)) = M/(fe). For example, 
if / e £F(2), then 5/(2) = [3,4], and, by Lemma EJ £/(3) = [4,8]. When is 
the set £f(k) an interval of integers? For every linear form / and e G £f(k), 
let Af(e) be the set of all fc-sets A of integers such that = e. Then 

{•A.f(e)} ee £ f (f.) is a partition of the fc-sets of integers. Can one classify the 
sets in this partition? There are many such questions. 
Acknowledgement. I wish to thank Manuel Silva for several useful conversations 
about binary linear forms. 
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